Abstract. For every Π 1 1 and non-Borel subset P of an internal set X in a ℵ 2 saturated nonstandard universe there exists an internal, unbounded, nonatomic measure µ so that L(µ)(P B) is not finite for any Borel set B in X.
Let H = (X, µ, A) be an internal measure space, i.e., X is an internal set, A is an internal algebra of internal subsets of X (i.e., A is closed with respect to taking finite unions and intersections and to taking complements) and µ is an internal finitely additive measure defined on A. We can associate to H a standard, complete measure space L(H) = (X, L(µ), L(A)) by following the procedure of Loeb (for details see [Lo] or [StBa] ). We obtain a σ additive measure L(µ) defined on a complete σ algebra
of sets L(A). The elements of L(A) are usually called Loeb measurable sets. If the measure of the ground space X is finite L(H) is called bounded Loeb space and otherwise unbounded.
It is well known that, in the bounded measure case, for every Loeb measurable set M in X there exists a Borel (in fact Π 0 1 or Σ 0 1 ) set B with L(µ)(P B) = 0. A natural question is, as posed by Chris Impens on the Galaxy news group (an electronic news group for Nonstandard Analysis), whether the above approximation holds not only in bounded but in unbounded Loeb spaces as well.
Question. Given an unbounded, Loeb measure space L(H) and a Loeb measurable set M of infinite measure in it, does there always exist a Borel set B such that L(µ)(M B) = 0?
We shall give a negative answer to the above question by proving, in fact, that any Π 1 1 and non-Borel set P can be made to be at nonfinite distance (in the sense of measure L(µ)) from any Borel set B for some unbounded measure Loeb measure L(µ) . This gives, from the point of view of Descriptive Set Theory of Internal Sets, the strongest possible counterexample to the Chris Impens question. The idea of the proof comes from the well-known construction of a nontrivial universally measure 0 set (a set in the unit interval [0, 1] of cardinality ω 1 having m measure 0 for every nonatomic Borel measure m in [0, 1]; see [Mi] for example).
First we give some definitions. The Borel hierarchy of sets over A is defined as usual. Elements of A are called Π The crucial property of Π 1 1 sets that we are going to use in this paper is their canonical decomposition into Borel sets. Every Π 1 1 over A set P can be canonically expressed (see Proposition 7, (iii) in [Ži2] ) as an increasing union B α (α < ω 1 ) of Borel over A sets with the following Boundness Principle property (also well known in the standard Descriptive Set Theory): for every Σ 1 1 subset S of P there exists an α < ω 1 such that S ⊆ B α . In particular, every Borel subset B of P is completely contained in some B α . Also, the sequence B α is unbounded from above with respect to ⊆ relation if and only if P is complete Π 1 1 . We shall call the above sequence B α (α < ω 1 ) a canonical decomposition of P into Borel sets.
The reader is referred to two standard references [He] and [KKLM] for the treatment of Descriptive Set Theory of Hyperfinite Sets. For the introduction to Nonstandard Analysis the reader is referred to [HuLo] and for the treatment of unbounded Loeb measure to [StBa] .
Given a Loeb measure L(µ), we first characterize those Π 1 1 over A sets P which are at finite distance from Borel over A sets. The characterization is in terms of canonical decomposition of P into Borel sets.
Proof. The Boundness Principle for canonical decompositions implies that a) and b) are always equivalent. Also, a) implies c). We prove that c) implies b). Suppose that L(µ)(B P ) is finite for some Borel over A set B and that C α (α < ω 1 ) is a canonical decomposition of P into Borel over A sets. We have that P M = B for some set M of finite measure, i.e., (P − M) ∪ N = B for some M and N of finite measure. We can suppose that N is Borel over A by enlarging it by a Borel over A superset of the same measure if necessary. Therefore,
We now give the answer for the question raised at the beginning of the paper.
Theorem 2 (ℵ 2 saturation). Let P be a Π 1 1 over A set. Suppose that P is not Borel. Then, there exists an internal, nonatomic measure µ so that :
Proof. Let B α (α < ω 1 ) be a canonical decomposition of P into Borel over A sets. We may assume that B α \ β<α B β is uncountable for every α. Indeed, the set of α's for which this is not true cannot be cofinal in ω 1 because if for some γ we had B α \ β<α B β countable for every α > γ, then the set P − B γ would have cardinality ℵ 1 . However, P − B β as a Π 1 1 (and this countably determined) uncountable set contains an infinite internal subset (Proposition 2.5 in [KKLM] ). In turn, infinite internal sets in a ℵ 2 -saturated universe have at least cardinality ℵ 2 -a contradiction.
For every α < ℵ 1 choose an infinite internal set A α ∈ A in B α \ β<α B β (possible by ℵ 1 saturation). By ℵ 2 saturation we can find a nonatomic internal measure µ with µ(A α ) infinite for every α. Now a) follows from Theorem 1 because P − B α is of infinite L(µ) measure for every α.
For b) we prove that α<ℵ1 A α is at infinite L(µ) distance from any Borel over A set. Indeed, suppose that, in the same way as in the proof of Theorem 1, 
which is impossible because we have chosen µ so that every A α has an infinite measure-a contradiction.
Remark 3. Note that, using the identity A B = A c B c , A c being the complement of A, a set A is at finite distance from a Borel set if and only if its complement is at finite distance from some Borel set. In particular, it follows from Theorem 2 that for every Σ 1 1 over A and non-Borel set S there exists a nonatomic, unbounded Loeb measure L(µ) so that S is at infinite measure distance from any Borel over A set B.
Remark 4. It is easy to show (again assuming ℵ 2 saturation) that the approximation of Borel sets from within or from outside by sets of lower Borel rank is also impossible in the unbounded Loeb measure case. There always exists a Π 0 2 set which cannot be approximated by Π 0 1 or Σ 0 1 sets in the above manner. Let P and L(µ) be as in the proof of Theorem 2. For the sake of this example we assume that X is a hyperfinite set and that µ is a uniformly distributed counting measure, i.e., µ is defined as µ(A) = |A|/H for some fixed hyperfinite integer H. The proof of Theorem 2 can be easily altered to achieve this. Let Y be an infinite hyperfinite set and let B be a Π 0 2 set in the product X × Y so that the first projection π(B) of B is equal to the complement S of P (every Σ 1 1 set is a projection of a Π 0 2 set as noticed by Henson). We define a measure ν for the internal subsets Γ of π(M − B) ) = 0. However, the projection of a Π 0 1 set is always a Π 0 1 set (assuming ℵ 1 -saturation) and we obtain that S is at distance zero from a Borel set π(M )-a contradiction. Similarly for Σ 0 1 sets. We now turn to the analogous question of approximating Π 1 1 and Σ 1 1 sets by Borel sets in the sense of category. In [KeLe] Keisler and Leth introduced and studied the notion of being U nowhere dense and U meager in the context of subsets of the initial segment of the nonstandard model of integers. Let us fix an initial segment X = {0, 1, 2, ..., H} of the nonstandard version of integers. An initial segment U of X is a cut if it is closed with respect to addition. We write x > U if x > y for every y ∈ U. M ⊆ X is called U nowhere dense if every interval I ⊆ X of length > U contains an interval J of length > U so that J ∩ M = ∅. A set is U meager if it is a union of countably many U nowhere dense sets. The cofinality cf (U ) and the coinitiality ci(U ) of U is defined as the cofinality and the coinitiality of U and X −U respectively. By analogy to standard terminology we say that a set A possesses U property of Baire if A M = B for some Borel set B and some U meager set M.
The reader is referred to [KeLe] for the rest of the definitions and results concerning U meager sets.
The next theorem is analogous to Theorem 1. The only difference in the proof is that we needed the category analog to the fact that any measure zero set is contained in a Borel set of measure zero. This analogue is provided, in the case of cuts of uncountable cofinalities and coinitialities, by a result from [Ži1] .
Theorem 5 (ℵ 1 saturation). Let U be a cut in X with min{cf (U ), ci(U)} ≥ ω 1 . Let P ⊆ X be a Π 1 1 set. Then, the following three statements are equivalent. a) There exist a Borel set B and a U meager set M with P M = B. b) There exists a canonical decomposition B α (α < ω 1 ) of P into Borel sets such that for some
Proof. b) and c) are always equivalent and obviously b) implies a). Suppose that a) is true and let C α (α < ω 1 ) be a canonical decomposition of P into Borel sets. Then, as P and B are countably determined sets, M must be countably determined as well. Thus, N = M −P is also countably determined and (P −M )∪N = B. M and N are both U meager sets. By Proposition 1.2 in [Ži1] , there exists a Σ
By the Boundness Principle we have B − Q ⊆ C α for some α < ω 1 . Therefore, P − C α ⊆ M ∪ Q and P − C α is U meager.
Final remarks
Let X = {0, 1, ..., H} as before, an initial segment of the nonstandard model of integers, and U a cut in X with min{cf (U ), ci(U)} ≥ ω 1 . Let K ∈ U be an infinite 1 SETS OF UNBOUNDED LOEB MEASURE 2209 natural number and µ K the counting measure associated with K, i.e., µ K (A) = |A|/K for every internal subset A of X. H. J. Keisler pointed out (during the discussion on the Galaxy news group) that by Proposition 7.7 d) in [KeLe] there exists an ultrapower of the set of natural numbers ω so that U is not only Loeb measurable for every L(µ K ) but, even stronger, it meets every internal set of finite L(µ K ) measure in an internal set. We shall now prove, using the idea of the proof of Theorem 2, that U cannot be approximated not only by any Borel set but by no countably determined set, as well.
Theorem 6. Let U be as above and let K ∈ U be a fixed infinite integer. Then, there do not exist a countably determined set C and a set M of finite
Proof. The proof will follow the same lines as the proof of Theorem 2 once we establish the following two facts similar to the properties of canonical decompositions of Π 1 1 sets that we have extensively used so far.
Fact i). Any countably determined set B ⊆ U is contained in some interval
Proof. The requirement min{cf (U ), ci(U)} ≥ ω 1 is equivalent to saying that U is not countably determined (see Proposition 5.5 in [KeLe] ). Now, if B is cofinal in U , then the predicate x ∈ U could have been defined as (∃y)(x < y ∧ y ∈ B) which defines a countably determined set.
Fact ii). For any
Proof. As U is closed with respect to addition we have that
Now, suppose that U M = C for some set M of finite L(µ K ) measure and some countably determined set C. In other words we have (U − M ) ∪ N = C for M and N of finite L(µ K ) measure. We can assuming that N is Borel. We get
For arbitrary Loeb measure L(µ) we, in fact, have the following theorem, the proof of which is analogous to the proof of Theorem 6 above. 
Note. The conjecture that a cut U with uncountable cofinality and coinitiality in some nonstandard universe is not a.e. equal to any Borel set for any L(µ K ) above is made by Martin Kalina.
After I announced my Theorem 1 in the Galaxy news group Vladimir Kanovei gave the following example of a Σ 1 1 complete set Γ and an unbounded Loeb measure L(µ) so that Γ is not at distance 0 from any Borel set B (notice that being at distance 0 or at finite distance from a Borel set is equivalent). His example is a little simpler than the usage of canonical decomposition of complete Π 1 1 sets but, in turn, it does not prove that any complete Σ 1 1 set can be made to be at infinite distance form any Borel set as Theorem 1 did.
I thank Professor Kanovei for allowing me to reproduce his example in this paper. Let S ⊆ X be a complete Σ 1 1 subset of X, (i.e., S is Σ 1 1 and non-Borel). Let Γ ⊆ X × X be defined as (x, y) ∈ Γ if and only if y ∈ S. Γ is obtained by translating a copy of S into every vertical section in X × X. It is clear that Γ is Σ 1 1 . Let L(µ) be any Loeb measure with the property that the measure of any internal subset of X × X of cardinality H + 1 is 1, where H is an infinite but fixed hyperfinite integer. For example, X can be chosen to be a hyperfinite set of cardinality H and µ might be defined as µ(A) = |A|/H for all hyperfinite subsets A of X × X.
